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An energy analysis of parametric roll for application to the second 
generation intact stability criteria

François Grinnaert1, Jean‑Yves Billard2, Jean‑Marc Laurens3 

1 Introduction

Parametric roll is an amplification of the roll motion of 

ships due to the periodic variation of the restoring moment 

in waves. This phenomenon is mostly observed in head 

and following seas when the wave encounter frequency is 

nearly twice the ship’s natural roll frequency and the roll 

damping is insufficient. Although parametric resonance has 

long been recognized by mathematicians [19], mechanics 

and optical engineers [8, 21] or even naval architects [7, 

17], it has recently been highlighted with regard to the roll 

motion of container vessels [5, 6] with high financial and 

safety risks (extreme roll angle, container loss, capsizing).

The second generation intact stability criteria are cur-

rently being finalized and validated by the International 

Maritime Organization [14, 15]. This future regulation 

is structured in five failure modes, including parametric 

roll. Three levels of assessment are defined in each failure 

mode. The first assessment level criterion is set in order 

to require simple and approximate evaluations and hence 

entails a larger safety margin. The second assessment level 

is based on probabilistic approaches of the phenomena. It 

requires more complex computations based on hydrostatic 

considerations with regard to static sinusoidal waves. The 

safety margins are adjusted accordingly. The third assess-

ment level, currently under development, should consist of 

a direct assessment using numerical six-degrees-of-free-

dom simulations performed by specialized institutes and 

presumably resulting in optimized safety margins.

The level-two criterion of the parametric roll failure 

mode consists of two checks. The second one, marked C2, 

requires the computation of the maximum roll angle for 

several speeds in head and following seas for any consid-

ered loading condition defined by both the draught and KG 

Abstract Parametric roll is an amplification of the 

roll motion due to the periodic variation of the restoring 

moment in waves. This phenomenon is mostly observed in 

head and following seas and is the cause of several acci-

dents occurred on container vessels during recent dec-

ades. One of the second generation intact stability criteria, 

currently under finalization and validation by the IMO, 

requires computing the maximum roll angle with regard to 

parametric roll. Both proposed methods are relatively com-

plex to implement and require tools that naval architects 

are not accustomed to. In this paper, we propose an easier 

alternative method providing the amplitude of parametric 

roll for any loading condition at any speed, based on energy 

considerations and assuming a linear GZ. The implementa-

tion of this easy method in the corresponding second gen-

eration intact stability criterion provides almost the same 

value of  KGmax than the on-degree-of-freedom time simu-

lation proposed by the future regulation.

Keywords Stability · Parametric roll · Energy · Second 

generation intact stability criteria

 * François Grinnaert

francois.grinnaert@ecole-navale.fr

Jean-Yves Billard

jean-yves.billard@ecole-navale.fr

Jean-Marc Laurens

Jean-Marc.LAURENS@ensta-bretagne.fr

1 French Naval Academy Research Institute, Brest, France

2 French Naval Academy Research Institute, Brest, France

3 ENSTA Bretagne, Brest, France

1



(vertical centre of gravity). The criterion considers that the 

maximum parametric roll angle cannot exceed 25°.

The new regulation proposes 2 methods: an analytical 

solution based on a polynomial fit of the GZ curve at the 

5th order which directly yields the maximum roll angle, or 

a numerical solving of the differential equation of paramet-

ric roll, equivalent to a one-degree-of-freedom simulation 

of the behaviour of the ship during rolling. Both methods 

are relatively complex to implement and require tools that 

naval architects are not accustomed to.

Parametric roll has been extensively studied through 

analytical, numerical and experimental approaches [2, 4, 

11, 20, 22]. In some papers, authors explain that the steady-

state roll amplitude occurs if the energy provided by the 

variation over time of the restoring moment is entirely 

dissipated by roll damping [1, 3]. However, to the best of 

our knowledge, no paper explores the energy problem in 

a quantitative manner, except the contribution of Kerwin 

[17]. In our paper, we propose to perform an energy analy-

sis of parametric roll with the aim to provide a simplified 

method which yields the maximum roll amplitude assum-

ing a linear GZ in the scope of an implementation in the 

level-two parametric roll future criteria. Since the thresh-

old value of roll angle is specified to 25°, the linear-GZ 

assumption is relevant or conservative for most of the ships.

The first part of this study consists of an analytical 

approach of the energy transfer of parametric roll in the 

resonance condition, where the wave encounter frequency 

is twice the ship’s natural roll frequency. Subsequently, the 

behaviour of the ship in other conditions with and without 

parametric roll is presented. Finally, a simplified method 

which provides the amplitude of steady-state parametric 

roll is proposed assuming a linear GZ.

2  Parametric roll in resonance condition

2.1  Equation of parametric roll

Parametric roll in pure head or following seas (i.e. with no 

transverse excitation) is represented in one degree of free-

dom by the following differential equation:

with J44 is roll moment of inertia, including added mass 

(kg m2); B44 is the damping coefficient (N m s/rad); W is 

the ship’s weight (N); GZ(ϕ,t) is the righting arm, function 

of both the instantaneous roll angle ϕ and time t with the 

wave encounter frequency (m).

We assume a linear GZ in this paper. Hence, the differ-

ential equation is rewritten:

(1)J44�̈� + B44�̇� + WGZ(𝜙, t) = 0

(2)J
44
�̈� + B

44
�̇� + W

(

GM + ΔGM cos𝜔
e
t
)

𝜙 = 0

with GM is average value of the metacentric height in 

waves (m); ΔGM is half-amplitude of the metacentric height 

variation in waves (m); ωe is wave encounter frequency 

(rad/s).

Equation 2 is a linear differential equation with non-con-

stant terms. The added mass in the first term depends on the 

roll frequency. The second term (B44) depends on the roll 

amplitude and frequency, especially if Ikeda method is used 

[16]. The third term varies over time with the wave encounter 

frequency. We reformulate Eq. 2 by moving the non-constant 

part of the restoring moment to the right as follows:

The left-hand part of Eq. 3 is identical to the one of the 

well-known differential equation of a linear oscillating 

system. Although it is not properly correct because of the 

dependency on ϕ, the right-hand part is considered as an 

exciting moment in this paper. The energy provided by this 

moment is named “applied energy” by Kerwin [17]. In this 

paper, we name it “exciting energy”.

2.2  Assumptions

The first assumption, previously introduced, is the linearity of 

GZ. It is used throughout the paper.

Other following assumptions are formulated in this 

section:

The analysis is performed when the roll motion has 

reached a steady-state amplitude (denoted by Φ), i.e. 

when the transient movement has finished;

The ship rolls at its natural frequency ω0 are defined as

The wave encounter frequency ωe is twice the ship’s 

natural roll frequency ω0. This corresponds to the reso-

nance condition of the first mode of parametric roll.

Assumptions on both the roll amplitude and frequency 

render the first and second terms (respectively J44 and B44) 

constant in the differential equation. These assumptions pro-

vide expressions for the function of the roll angle over time 

and its first derivate:

2.3  Distribution of energy

2.3.1  Kinetic energy and potential energy

Assuming the ship rolls at its natural frequency, the sum 

of kinetic energy (EK) and potential energy (EP) con-

tained, respectively, in the first term (inertia) and third term 

(3)J
44
�̈� + B

44
�̇� + WGM𝜙 = −

(

WΔGM cos𝜔
e
t
)

𝜙.

(4)�
0
=

√

WGM

J
44

.

(5)𝜙(t) = Φ cos𝜔
0
t �̇�(t) = −𝜔

0
Φ sin𝜔

0
t.
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(constant part of restoring moment) of Eq. 3 is constant and 

equal to

Consequently, the assumption of a constant roll ampli-

tude Φ causes the energy provided by the exciting moment 

(EE) to entirely dissipate by the damping moment as a 

“damping energy” (ED).

2.3.2  Damping energy

The damping energy during one roll period is formulated 

as follows:

Using Eq.  5, the energy dissipated by the damping 

moment from 0 to a time t is

The instantaneous power dissipated by damping is

The average value of this power is

2.3.3  Exciting energy

The exciting energy during one roll period is formulated as 

follows:

The angle α is required here because the variation of 

GM in waves may not be in phase with the roll motion. In 

this paper, this angle is called the “shift angle”. Using the 

expression of ϕ and dϕ/dt in Eq. 5 and the expression of dϕ 

in Eq. 7, we construct the following expression of the excit-

ing energy between 0 and a time t:

The instantaneous exciting power is

(6)E
K
+ E

P
=

1

2
WGMΦ

2
.

(7)
ED = ∫

1 per

B
44
�̇�d𝜙 With d𝜙 = �̇�dt.

(8)E
D
= B

44
�

2

0
Φ

2

t

∫
0

sin
2
�

0
tdt.

(9)P
D
(t) =

dE
D

dt
= B

44
�

2

0
Φ2

sin
2
�

0
t.

(10)P
D
=

1

2
B

44
�

2

0
Φ

2
.

(11)
EE = −WΔGM ∫

1 per

� cos
(

�et + �
)

d�.

(12)

E
E(t) = WΔGM�

0
Φ2

t

∫
0

cos�
0
t sin�

0
t cos

(

�
e
t + �

)

dt.

The assumption regarding the wave encounter fre-

quency (ωe=2ω0) and trigonometric identities allows a 

simplification of this equation:

Consequently, the average value of the exciting power 

is a function of the shift angle α:

The maximum value of the exciting power is obtained 

for α=-π/2:

2.4  Direct calculation of the maximum roll angle 

in resonance condition

2.4.1  Required damping coefficient

Assuming the steady state of parametric roll amplitude 

and the worst case of shift angle (α=-π/2), the exciting 

energy is entirely dissipated if the damping coefficient 

can attain a required value B44.req defined by the equality 

between PD (Eq. 10) and PE.max (Eq. 16):

The roll amplitude Φ does not appear directly in this 

relationship. If the damping coefficient B44 is independent 

from the roll amplitude (i.e. linear damping), parametric 

roll cannot appear when its value is larger than the required 

value (B44.req). When B44 is lower than B44.req, parametric 

roll appears with very large roll amplitude or causes the 

vessel to capsize, subject to the linear-GZ assumption.

However, the damping coefficient is a function of the 

roll amplitude as proposed by Ikeda method [16]. Conse-

quently, this approach provides an easy direct calculation 

of the maximum parametric roll amplitude Φmax (corre-

sponding to both the resonance condition and the worst 

case of shift angle) by solving the following equation:

In 1955, Kerwin [17] arrived at the same conclusion 

using both analytical solving of the differential equa-

tion and energy consideration, assuming a non-linear 

damping. In the second method, the exciting energy is 

(13)

P
E(t) =

dE
E

dt
= WΔGM�

0
Φ2

cos�
0
t sin�

0
t cos

(

�
e
t + �

)

.

(14)P
E
(t) =

1

4
WΔGM�

0
Φ2

[

sin
(

4�
0
t + �

)

− sin �
]

(15)P
E
= −

1

4
WΔGM�

0
Φ

2
sin �.

(16)P
E. max

=
1

4
WΔGM�

0
Φ

2
.

(17)B
44.req =

WΔGM

2�
0

.

(18)B
44

(

Φ
max

)

=
WΔGM

2�
0

.
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provided by a vertical movement of the centre of gravity, 

causing an equivalent variation of GM while the meta-

centre is motionless.

2.4.2  Comparison with time‑domain simulation

The method described above is used to calculate the max-

imum roll angle in resonance condition for the C11 con-

tainer vessel presented by France, et  al. [6] at a draught 

equal to 12 m. As required by the first-level criterion of the 

future regulation [14], hydrostatics are computed in waves 

which have a length equal to the length between perpen-

diculars (262  m) and a wave steepness equal to 0.0167. 

This causes the wave height to be equal to 4.375  m and 

the half-amplitude of the GM variation (ΔGM) equal to 

1.511 m, independent of KG. The damping coefficients B44 

are calculated according to Kawahara, Maekawa & Ikeda 

[16] and Ikeda, Himeno & Tanaka [12] for the lift compo-

nent. The results are provided in Table  1 and Fig.  1. For 

each value of KG, the speed is calculated for the paramet-

ric resonance condition. Positive speeds correspond to the 

head seas and negative speeds correspond to the following 

seas. The resulting maximum roll angle (Φmax in Table 1) 

is compared to the value obtained by the numerical solv-

ing of the differential equation (Eq.  2) using the method 

of Runge–Kutta at the 4th order and a simulation duration 

equal to 20 times the ship’s natural roll period (Φmax sim 

in Table 1). We observe that both values of the maximum 

roll angle are almost equal (both calculations are limited to 

50°). In each case, the value obtained by the time-domain 

simulation is slightly lower than that obtained by the energy 

approach. This suggests that the duration of 20 natural roll 

Table 1  Maximum roll angle in 

parametric resonance condition 

for the C11 container vessel

KG (m) Average GM in 

waves (m)

ω0 (rad/s) V (m/s) B44.req (N m s/rad) Φmax (°) Φmax sim (°)

15.0 5.445 0.406 13.64 1.34E + 09 17.96 17.83

15.5 4.945 0.387 12.05 1.40E + 09 19.92 19.84

16.0 4.445 0.367 10.37 1.48E + 09 22.26 22.20

16.5 3.945 0.346 8.60 1.57E + 09 25.33 25.26

17.0 3.445 0.323 6.71 1.68E + 09 29.75 29.66

17.5 2.945 0.299 4.68 1.82E + 09 38.08 37.85

18.0 2.445 0.272 2.47 2.00E + 09 50 50

18.5 1.945 0.243 0.01 2.24E + 09 50 50

19.0 1.445 0.209 −2.78 2.60E + 09 50 50

19.5 0.945 0.169 −6.12 3.21E + 09 50 50

20.0 0.445 0.116 −10.55 4.68E + 09 50 50

Fig. 1  Maximum roll angle in 

parametric resonance condition 

for the C11 container vessel 

(both curves coincide)
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periods of the ship is not long enough to attain the steady-

state roll amplitude.

Moreover, the direct calculation of the maximum roll angle 

is performed assuming the worst case of shift angle (α=-π/2). 

Equality between the values of the maximum roll angle cal-

culated with both methods seems to show that this assump-

tion is correct. Figure 2 shows the variation of roll angle over 

time during the numerical solving of the differential equation. 

This time-domain simulation in one degree of freedom starts 

with an initial angle equal to 10° and a shift angle α equal to 

zero, which reduces the exciting power to zero. During the 

first period, we observe a slight decrease of the roll amplitude 

(the roll angle is 8.9° at the end of the period). After that, the 

amplitude increases up to the steady state. The frequency of 

the roll motion during the first period is 0.396 rad/s. Its value 

during the steady state is 0.369 rad/s. This shows that the roll 

motion automatically shifts in waves at the start of the simu-

lation in order to attain the shift angle which provides maxi-

mum exciting energy (-π/2). The assumption of the worst case 

of shift angle in parametric resonance condition is verified.

3  Parametric roll in other conditions

In this section and the next one, the roll frequency is denoted 

by ω and may differ from the natural roll frequency ω0. The 

encounter frequency ωe may be non-synchronized with ω. 

We introduce γ0 and γ as follows:

(19)�
0
=

�
e

�
0

And � =

�
e

�
.

3.1  Non‑synchronized parametric roll

If the roll frequency ω differs from the natural frequency 

ω0, the sum of the kinetic and potential energies is not 

constant in time. However, their sum is a sinusoidal func-

tion. Its average value, equivalent to the average power 

required to maintain the roll motion, is zero. Consequently, 

like for the synchronized parametric roll, the assumption 

of constant roll amplitude causes the energy provided by 

the exciting moment to entirely dissipate by the damping 

moment.

Modifying Eq. 13 for the general case yields the follow-

ing relationship for the exciting power:

Trigonometric identities allow a modification of this 

relationship as follows:

We observe that the average value of the exciting power 

is zero except if γ is equal to 2 or -2. The case γ=-2 cor-

responds to a non-realistically high speed in following seas. 

When the value of KG of the C11 container vessel is in the 

usual range from 15 to 20 m, the corresponding resonance 

speed is in the range from 54 m/s (KG = 15 m) to 30 m/s 

(KG = 20 m). This case is not considered in this paper.

If γ is not equal to 2 but close to this value, the excit-

ing power consists of two frequencies: a high frequency 

equal to (2 + γ)ω and a low one equal to (2-γ)ω. Figure 3 

shows the roll angle plotted as a function of time resulting 

(20)P
E
(t) = WΔGM�

0
Φ2

cos�t sin�t cos
(

�
e
t + �

)

.

(21)

P
E
(t) =

1

4
WΔGM�

0
Φ2[sin ((2 − �)�t − �) + sin ((2 + �)�t + �)]

Fig. 2  Roll angle versus time in 

parametric resonance condition
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from a time-domain simulation in this condition. The speed 

of parametric resonance is equal to 8.8 m/s and the ship’s 

speed equal to 5.5  m/s. We observe long periods which 

could be seen as corresponding to the low frequency part 

of the exciting power. In these long periods, parametric 

roll successively appears and disappears passing through a 

maximum. The roll frequency ω during the two first long 

periods of this simulation (0–150 s and 150–300 s) remains 

almost unchanged (respectively, 0.315 and 0.316 rad/s) but 

roll motions are not in phase. This shows again that the roll 

motion automatically shifts in waves in order to capture 

the maximum exciting energy. The encounter frequency 

is equal to 0.617 rad/s, which renders γ equal to 1.95 dur-

ing both first long periods of parametric roll. However, it is 

not possible to exactly find the low frequency of the excit-

ing power ((2-γ)ω) in Fig. 3 because of the shift of the roll 

motion.

Nevertheless, the roll amplitude rapidly tends to zero in 

this non-synchronized condition. Although parametric roll 

periodically exists during a short time, it may be ignored 

because the risk for the vessel is zero.

3.2  Lock‑in field

We now propose to examine the behaviour of paramet-

ric roll close to the resonance condition by performing 

numerical one-degree-of-freedom simulations for all pos-

sible speeds in head seas (positive speed) and following 

seas (negative speed) and to look at both the maximum 

roll angle and the ship’s roll period (called “observed roll 

period”, calculated at zero-crossing in the second half-time 

of the simulation). Results for the C11 container vessel 

with draught, KG and mean GM in waves, respectively, 

equal to 12, 17.5 and 2.95 metres and are shown in Fig. 4. 

The vertical dashed line indicates the speed corresponding 

to the resonance condition. The horizontal dashed line indi-

cates the natural roll period. The dashed hyperbole repre-

sents twice the encounter period and the black dot repre-

sents the maximum roll amplitude provided by the direct 

energy calculation. We observe the following facts:

1)The maximum roll angle occurs at a slightly lower

speed than that of the resonance condition and is 

slightly higher than the speed calculated by the 

energy approach. We could believe that this is due to 

the reduction of roll damping at lower speed but simi-

lar calculations performed with a roll damping coef-

ficient independent of the speed yield similar results. 

This fact remains unexplained at this time.

2)Parametric roll exists at a range of speeds from 1.5

to 7.7 m/s, in which the observed roll period is locked 

at twice the encounter period (i.e. γ0=2). We call this 

range “lock-in field”.

3)Outside this range, parametric roll does not occur

(the maximum roll angle is roughly equal to the ini-

tial value used in the numerical solving, 1°) or is lim-

ited to the non-synchronized configuration previously 

presented. The observed roll period seems erratic; its 

calculation is disturbed by the shift of the roll motion. 

It tends to be close to the natural roll period.

4)As expected, the observed roll period in resonance

condition is equal to the natural roll period and the 

maximum roll angle is equal to the one calculated by 

the energy approach.

Fig. 3  Roll angle versus time 

in non-synchronized parametric 

roll condition
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3.3  Second and third modes of parametric roll

Figure 5 shows a similar calculation performed with a KG 

increased to 18.45  m and a mean GM in waves reduced 

to 2.00 m. The maximum roll angle in the lock-in field is 

larger than 50° and the ship would possibly capsize in the 

vicinity of the resonance condition. We observe a second 

lock-in field corresponding to the second mode of para-

metric roll, characterized by equality between both the roll 

frequency and the encounter frequency (γ0=1). This lock-in 

field is not exactly centred on the second resonance speed 

(9.98  m/s, following seas) but passes through this value. 

The maximum roll angle occurs at a speed lower than the 

resonance speed, possibly for the same unexplained reasons 

than what is observed in the first mode of parametric roll. 

The value of the maximum roll angle is 2.2°, negligible 

compared to what occurs in the first mode. The width of 

the second lock-in field is also reduced.

The third mode of parametric roll (γ0=2/3) is neither 

observable in the roll period nor in the roll amplitude for 

this vessel. In the conditions of Fig. 5, the corresponding 

speed is 13.4  m/s in following seas. However, it can be 

Fig. 4  Maximum roll angle and 

roll period versus speed

Fig. 5  Maximum roll angle and 

roll period versus speed with 

lower GM
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observed in non-realistic conditions as shown in Fig.  6, 

where the speed range has been enlarged, the GM variation 

has been increased (i.e. the wave steepness does not corre-

spond to the future regulation requirement any longer) and 

the damping coefficient has been customized. We observe 

that the third lock-in field is narrow and the corresponding 

maximum roll angle is negligible.

3.4  Shift angle in the lock‑in field

The shift angle α can be calculated by comparing the 

resulting variation of the roll angle and the variation of 

the metacentric height imposed during the time-domain 

simulation. Figure  7 shows the evolution of its absolute 

value as a function of γ0. All data are dimensionless in 

this figure: the maximum roll angle is divided by the 

value obtained with the direct energy calculation; the 

periods are divided by the ship’s natural roll period and 

the shift angle is divided by -π/2. We observe that its 

Fig. 6  Three modes of para-

metric roll

Fig. 7  Evolution of the shift 

angle in the lock-in field
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value starts from near zero at the left (low-speed side of 

the lock-in field), is equal to -π/2 near the resonance con-

dition (γ0=2) and continues up to approximately -π at the 

right end of the lock-in field (high-speed side). Since the 

exciting power is reduced by sin(α), this evolution is in 

accordance with the evolution of the maximum roll angle 

observed in the lock-in field. The shift angle is not drawn 

outside the lock-in field since it has no significance here.

3.5  Width of the lock‑in field

The width of the lock-in field is the difference of γ0 at both 

ends of the field. Its value is almost equal to ΔGM/GM. In 

1955, Kerwin [17] demonstrated an equivalent result both 

without and with damping from an approximate solution of 

Eq. 2. This observation has been made for all calculations 

performed on the C11 container vessel, for any values of 

the average metacentric height in waves and its variation 

(respectively, GM and ΔGM). This observation has also 

been made for the three other vessels examined within the 

scope of this paper: another container vessel (319 m long), 

a roll-on roll-off vessel (135 m) and a tanker (227 m). The 

second generation intact stability criteria of level one and 

level two assess these vessels as, respectively, vulnerable 

(similar to the C11 container vessel), slightly vulnerable 

and non-vulnerable to parametric roll [9].

Moreover, it seems interesting to validate the location 

and the width of the lock-in field with a computation of 

higher accuracy than that of the one-degree-of-freedom 

simulation with a linear GZ. Fredyn software is used for 

this [18]. This software has been developed by the mem-

bers of Cooperative Research Navies (CRNAV, http://www.

crnav.org) and performs 6 degrees-of-freedom simulations 

of steered ships in extreme seas and wind. It is used within 

the scope of this paper to simulate the behaviour of the C11 

container vessel in one loading condition (draught 12  m, 

KG 18  m) in sinusoidal waves which have the required 

characteristics (length 262  m, steepness 0.0167), in head 

sea and following sea conditions. Figure 8 shows the maxi-

mum roll angle provided by both 1- and 6-degrees-of-free-

dom simulations. We observe the following facts:

1)Both fields of parametric roll coincide perfectly.

The location and the width of the lock-in field 

obtained with 1-DoF simulations are validated.

2)The maximum roll amplitude provided by 6-DoF

simulations is significantly smaller than the amplitude 

obtained by 1-DoF simulations. This is due to the 

dispersion of energy in the 5 other degrees of free-

dom and to non-linear effects. Moreover, the methods 

used for roll damping are not the same in 1-DoF and 

6-DoF simulations.

3)Keeping the ship’s heading is impossible at zero

speed in waves. This causes the trough observed at 

this speed in the 6-DoF curve.

4)The second mode of parametric roll is clearly vis-

ible in 6-DoF simulations but its peak does not occur 

exactly at the expected speed.

Fig. 8  Maximum roll angle 

versus speed provided by 1-DoF 

and 6-DoF simulations
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4  Method providing steady‑state parametric roll 
amplitude at any speed

We are able to easily calculate the maximum parametric roll 

amplitude which occurs in the first-mode resonance condition 

assuming a linear GZ. Moreover, we can predict the width of 

the lock-in field, in which parametric roll exists, and the evo-

lution of the shift angle in this field. We assume a linear evo-

lution from 0 to -π. These points allow the establishment of a 

simplified method providing the parametric roll amplitude in 

all speed conditions.

4.1  Energy method

We propose a practical method, called “energy method”, 

which provides the parametric roll amplitude in all speed 

conditions for a specific loading condition (draught and KG). 

Only the first mode is considered. This method consists of 

two steps.

4.1.1  First step

The first step consists of computing the parametric roll ampli-

tude at the speed corresponding to the resonance condition. 

This speed is obtained by the following relationship:

where ωw is the wave frequency (rad/s) and g is the accel-

eration of gravity (m/s2).

The parametric roll amplitude at this speed, denoted by 

Φmax, is obtained by solving Eq. 18, which can be easily done 

numerically on a spreadsheet.

The more difficult problems of this first step are as follows:

• The handling of the Ikeda method: although the number

of coefficients to be calculated is large, there is neither

hard relationship nor integral to deal with.

• The computation of the GM variation in sinusoidal waves,

which requires an adequate hydrostatic tool: several

hydrostatic software packages, currently used by naval

architects, can be used to perform such computations.

4.1.2  Second step

For any speed V (m/s), we calculate γ0 as follows:

The parametric roll amplitude is zero outside the lock-in 

field (the second and third modes are not considered) and 

non-zero inside. The lock-in field is defined by γ0 in the 

range:

(22)V1st mod e =
(

2�0 − �w

) g

�w
2

,

(23)�
0
=

�e

�
0

=

�w

�
0

(

1 +

V�w

g

)

.

Assuming a linear evolution of the shift angle α in the 

lock-in field and a parametric roll amplitude proportional to 

sin(α), this amplitude, denoted by Φ, is obtained by

4.2  Improvement of the energy method

The evolution of the shift angle in the lock-in field is not 

exactly linear, as shown in Fig. 7. The comparison of the 

roll amplitudes provided by the above method and those 

obtained with the 1-DoF simulation demonstrates that our 

method under-estimates the amplitude. Consequently, we 

propose to introduce an exponent k in Eq. 25 as follows:

Figure  9 shows the results provided by the proposed 

method with different values of the exponent for the C11 

container vessel with the same loading condition as that in 

Fig.  4. Setting k to zero renders the roll amplitude equal 

to the value obtained in the resonance condition inside the 

entire lock-in field and zero outside the field. We propose 

k=½ (plain line in Fig. 9). This value provides a good accu-

racy and a slight safety margin.

4.3  Application to second generation intact stability 

criteria

As mentioned above, the second check of the level-2 crite-

rion of the parametric roll failure mode requires comput-

ing the maximum roll angle for several wave cases and 7 

speeds in head and following seas (independent from the 

resonance speed) for each wave and any considered loading 

condition. This criterion has been defined by the IMO in 

2015 [14] and is enhanced by “Explanatory Notes” written 

in 2016 [15] providing explanations, comments and guide-

lines, such as the criteria of other failure modes because of 

their unusual complexity with regard to the current intact 

stability regulation [13].

We propose to implement the energy method in the 

computation of the second check of level-2 criterion of 

parametric roll. Computations are performed on the four 

vessels mentioned above and presented by Grinnaert, Bil-

lard and Laurens [9]: the C11 container vessel (262  m 

long), another container vessel (319  m), a roll-on roll-

off vessel (135 m) and a tanker (227 m). Results are pro-

vided in terms of  KGmax curves, i.e. the maximum value 

of KG ensuring compliance with the considered criterion 

(24)From 2 −
ΔGM

2GM
To 2 +

ΔGM

2GM
.

(25)Φ = Φ
max

cos

(

�

(

2 − �
0

) GM

ΔGM

)

.

(26)Φ = Φ
max

cos
k

(

�

(

2 − �
0

) GM

ΔGM

)

.
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as a function of the displacement or the draught. Here, 

the second check (C2) is seen as a separate criterion, 

although it is embedded in a unique level-2 criterion with 

the first check (C1). Results are given in Figs. 10, 11, 12 

and 13.  KGmax curves obtained with the energy method 

are compared to those obtained by numerical 1-DoF 

time-domain simulations assuming a linear and non-lin-

ear GZ in waves. The non-linear GZ in waves is calcu-

lated as the GZ in calm water modulated by the GM in 

waves, as proposed in the explanatory notes. The method 

used to construct the associated  KGmax curves is detailed 

in [9] and the comparison of  KGmax curves obtained by 

1-DoF time-domain simulations with a linear and non-

linear GZ has been presented at the latest ISSW Meeting 

held in Stockholm (Sweden) in 2016 [10].

Figure 10 shows the results for the C11 container ves-

sel, which is well known to be vulnerable to parametric 

roll [6]. We observe a good accordance of the three meth-

ods. In particular, the curves provided by 1-DoF simula-

tions with a linear and non-linear GZ are close to each 

other because of the linearity of the GZ in calm water up 

to 30° (see [10]).

Fig. 9  Maximum roll angle 

versus speed, influence of expo-

nent in energy method

Fig. 10  KGmax curves associ-

ated with the 2nd check of the 

parametric roll level 2 criterion 

for the C11 container vessel
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Figure 11 shows the results for the 319 m container ves-

sel, assessed as vulnerable to parametric roll by the future 

criteria [9]. Both curves obtained with a linear GZ are in 

very good accordance. The curve obtained with a non-lin-

ear GZ significantly differs because of the high non-linear-

ity of the GZ in calm water from 10° (see [10]).

Figure 12 shows the results for the Ro–Ro vessel. Both 

curves obtained with a linear GZ are in very good accord-

ance except for one point located beyond the full-load 

draught. The extension of computations at larger non-real-

istic draughts shows that the curves meet again. This local 

“jump” is characteristic of the  KGmax curves associated 

with the C2 criterion as explained in detail in [9].

Figure  13 shows the results for the tanker, assessed 

as non-vulnerable to parametric roll (see [9]), which is 

expected because of the wall-sided shape of her hull on 80 

percent of her length. The accordance between both curves 

associated with a linear GZ is very high again. The gap 

between these curves and the one associated with a non-

linear GZ is explained in [10].

Fig. 11  KGmax curves associ-

ated with the 2nd check of the 

parametric roll level 2 criterion 

for the 319 m container vessel

Fig. 12  KGmax curves associ-

ated with the 2nd check of the 

parametric roll level 2 criterion 

for the Ro–Ro vessel
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5  Conclusion

The aim of this project was to propose an easy method 

which provides the steady-state parametric roll amplitude 

of a vessel in head or following seas at any speed and for 

any loading condition, based on energy considerations.

The steady-state roll amplitude in resonance condition is 

easy to calculate with an energy analysis assuming a linear 

GZ. A method providing the roll damping coefficient func-

tion of roll amplitude, such as Ikeda method, is required. 

The obtained value is the amplitude of parametric roll 

which may occur in the worst conditions, when the wave 

encounter frequency is twice the ship’s natural roll fre-

quency. Consequently, this easy calculation is compatible 

with the deterministic principle of the level-one criterion of 

the IMO new generation intact stability regulation: a vessel 

having a roll amplitude lower than an adequate threshold in 

the worst condition of parametric roll should be assessed as 

non-vulnerable to this failure mode.

The first mode of parametric roll occurs in a field where 

the ship’s roll frequency, which may differ from her natural 

frequency, is locked to half the wave encounter frequency. 

Simulations on several ships exhibiting different behaviours 

with regard to parametric roll show that the non-dimen-

sional width of this lock-in field is almost equal to ΔGM/

GM. They also show that the shift angle, which corre-

sponds to the phase between the GM variation and the roll 

motions and which reduces the exciting energy, is almost 

linear from 0 to −π in this field, passing −π/2 near the reso-

nance condition. This allows the establishment of an empir-

ical method providing the parametric roll amplitude in any 

condition, in particular for any speed. The implementation 

of this method in the second check of the level-two crite-

rion of the future intact stability regulation is possible. This 

provides almost the same maximum allowed vertical centre 

of gravity  (KGmax) than the one-degree-of-freedom simula-

tion with a linear GZ.

The linear GZ assumption up to 25° is relevant for a 

large amount of vessels and conservative for most of other 

ships, such as the 319 m container vessel. The method pro-

posed in this paper is easier to implement than those speci-

fied in the future regulation. Since the method is based on 

a physical analysis of the phenomenon and presents a com-

plexity equivalent to that of the other level-two criteria, it 

is in full accordance with the three-level approach of the 

future regulation.

Although the mean value of the parametric exciting 

power is zero outside the first-mode lock-in field, paramet-

ric roll may occur with low amplitude in modes 2 and 3, 

where the ratios between the wave encounter frequency and 

ship’s roll frequency are, respectively, equal to 1 and 2/3. 

An improvement of the proposed method in these condi-

tions would be interesting, even if the financial and safety 

risk is almost null or significantly reduced.
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